In this paper, our aim is to investigate the region stability of stochastic discrete time-delay systems. Firstly, region stabilities of systems are defined by a spectrum operator. Secondly, with the aid of linear matrix inequality, some equivalent conditions and related results for region stabilities of systems are obtained. Finally, the relation between region stabilities and the convergence speed of the trajectories of systems is given.
Introduction
Stability is one of essential concepts in dynamical system theory, which has been considered by the researchers in many fields, such as [1] [2] [3] [4] [5] [6] [7] [8] , and [9] [10] [11] [12] . For a linear system without delays, as is well known, the stability is related to the system matrix root-clustering in subregions of the complex plane. That is, the stability of systems has a close relation with the spectrum placement of the system matrix. For example, the further left the spectrum set of the considered system is located, the faster the system response rate is.
Mean square stability has become a hot issue, which has many important applications in system analysis and designs. Some equivalent conditions for mean square stability of linear stochastic systems have been obtained in terms of generalized algebraic Riccati equation (see [13] [14] [15] [16] [17] ), or linear matrix inequality (LMI) (see [18] [19] [20] [21] and [22] [23] [24] [25] ), or spectra of some operators (see [26] [27] [28] ). The spectrum technique is very powerful in system analysis and design, which began with [26] for a stochastic system.
Region stability considered in this paper is related with the mean square stability. Region stability problem is to check whether the spectrum set of deterministic or stochastic systems lies in a given region of the complex plane, which has become a popular research focus in the past decades (see [29] [30] [31] [32] [33] , and the references therein). Compared with deterministic systems, stochastic systems can describe the complexity of practical problems more accurately. For stochastic systems, a special case of region-stability and regionstabilization, called respectively interval stability and interval stabilization, was studied, and a sufficient condition was given for the interval stabilization of general linear stochastic systems with state and control dependent noises in [29] . In [30] , the authors further defined and discussed a class of relative stability and stabilization, which is a more special case of region-stability and region-stabilization of linear stochastic systems. The objective of the present work is to make a further investigation in the region stability of linear stochastic discrete systems. New results concerning the region stability of linear stochastic discrete systems are developed. By means of LMI, some necessary and sufficient conditions are presented for region-stability with generalized LMI regions. To the best of our knowledge, there were no similar results reported for such dynamical systems up to now. This paper is organized as follows: In Sect. 2, we introduce some LMI regions and generalized LMI regions. In Sect. 3, we give some definitions of region stability and obtain some equivalent conditions and related results for the region stability of stochastic discrete systems with delays.
For convenience, we adopt the following traditional notations: S n is the set of all symmetric matrices, whose components may be complex; R n×m is the set of all n × m matrices, whose components are real; A (ker(A)) denotes the transpose (kernel space) of the matrix A; A ≥ 0 (A > 0) is a positive semidefinite (positive definite) symmetric matrix; I is the identity matrix; σ (L) is the spectral set of the operator or matrix L; N 0 = {0, 1, 2, . . .}. Here ⊗ denotes Kronecker product operation of matrices (see [34] for details); R n is the set of all n-dimensional vectors, whose components are real. For
LMI regions
In this paper, we shall discuss the stability of time-delay systems in generalized LMI regions. First of all, we introduce some definitions and related examples in LMI regions and generalized LMI regions.
Definition 2.1 ([35]) A region D in the complex plane is called an LMI region if there exist symmetric matrices H 1 and H 2 such that
Here we give two examples of LMI region.
Example 2.1 In the complex plane, the circle region D(q, r), which has center (q, 0) and radius r, is an LMI region, where q and r satisfy |q| + r < 1.
is an LMI region.
Different from an LMI region, we introduce another region, which is defined as follows.
Definition 2.2 ([33]) For a symmetric matrix
the region
in the complex plane is called a generalized LMI region.
Indeed, the matrix in (3) of Definition 2.2 can be written as
Remark 2.1 In fact, let R 3 = 0 in the matrix of (3). Then the region in (4) becomes the region in (1). That is, LMI region is regarded as a special case of a generalized region. The details about the LMI region and generalized region are found in [35] .
Criteria of region-stability
In this section, we shall investigate the region stability of a kind of linear stochastic discrete systems with time-delays:
where
Brownian motion defined on a complete probability space (Ω, (5), first of all, we define two vectors x(t) and x(0) as follows:
So system (5) can become the following equivalent stochastic system:
, and suppose X(t) satisfies
Now we define a general Lyapunov operator as follows:
Now we give some definitions of region-stability of stochastic time-delay systems by the spectrum operator σ (L F,G ).
Now we give some equivalent conditions of these region stabilities.
Theorem 3.1 The time-delay system (5) is D R -stable if and only if there exists a positive matrix P > 0 such that
R 1 ⊗ P + R 2 ⊗ PΘ H(n, m), F, G + R 2 ⊗ Θ H(n, m), F, G P + R 3 ⊗ (Θ H(n, m), F, G P Θ H(n, m), F, G < 0,
where Θ(H(n, m), F, G) = [H(n, m) H(n, m)] -1 H(n, m) [F ⊗ F + G ⊗ G]H(n, m). Proof Let X(t) = E[x(t)x (t)]
. Then system (5) can be rewritten as a stochastic system
With the knowledge of Kronecker matrix product, system (8) becomes
By the theory of H representation method in [36] , there exists a full column
, so system (9) is equivalent to the following discrete system:
where Θ (H(n, m) 
, we immediately obtain the result.
From Eqs. (8) and (9) in Theorem 3.1 and Theorem 1 in [27] , the relation between the spectrum of operator L F,G and matrix Θ (H(n, m) , F, G) is obtained as follows. (H(n, m), F, G) ). 
Using MATLAB, it is quick to check the above criterion of D R -stability with LMI. Now we give an example as follows. 
Then F = - , r = 1 6 , using MATLAB, we cannot find a feasible solution of the inequality in Theorem 3.2. That is, system (5) (H(1, 1) , F, G) - 1 4 P + Θ (H(1, 1) , F, G) P -
By Theorem 3.2, the system is D(
, 1 2 )-stable. We use the LMI toolbox of Matlab and commands for obtaining P as follows: Remark 3.2 Theorems 3.1-3.4 give a kind of characterization for region stability. But the relation between region stabilities and the convergence speed of the trajectories of a system need to be further investigated, which is an interesting and practical problem. 
. That is, there exist two constants
, without loss of generality, let
And let X(t) = E[x(t)x (t)]
, where x(t) = [x (t), x (t -1), . . . , x (t -m)] ; x(t) is the orbit of system (5) satisfying the initial condition
. Using the same proof process as that of Theorem 2.1 in [27] , system (5) is equivalent to
By the theory of H representation method in [36] , the initial problem of system (10) is equivalent to the initial problem of the following discrete system: 
By the stability theory of linear deterministic discrete system, there exist two positive real constants c 0 and c 0 such that the following inequality holds:
here r 1 and r 2 are respectively the multiplicities of the characteristic roots λ 1 and λ 2 . For |λ 1 | < β, |λ 2 | > α, by the denseness of real numbers, there exists a sufficiently small number ε > 0, such that |λ 1 | -β + ε < 0, |λ 2 | -α -ε > 0, and so, by the results in [29] , we can obtain the following inequality:
So E x(t) 2 ≤ c 1 x 0 2 (β -ε) .
